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In this paper, sharp conditions on a measure space are provided in order that the subset
of functions in the corresponding Lebesgue space Lp which are in no other Lq contains,
except for zero, an inﬁnite dimensional closed subspace. This completes earlier work of
several authors. The main result is derived from a new, general criterion for spaceability
on function spaces. A further application to spaceability of the class of non-absolutely
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© 2011 Elsevier Inc. All rights reserved.
1. Introduction
In the last decade, much effort has been invested in the study of the linear properties of families of mathematical objects
with a priori no linear structure. In this paper, we contribute to such study in the context of spaces of integrable functions.
To be more speciﬁc, we address the question of the spaceability of the set of strict-order integrable functions; see below for
deﬁnitions.
To this respect, let us recall some recent terminology introduced in [1,3,4,7,12]. Assume that E is a topological vector
space. Then a subset A of E is called
• lineable if A ∪ {0} contains an inﬁnite dimensional vector subspace,
• dense-lineable or algebraically generic whenever A ∪ {0} contains a dense vector subspace of E ,
• maximal dense-lineable whenever A ∪ {0} contains a dense vector subspace M of E with dim(M) = dim(E),
• spaceable if A ∪ {0} contains some inﬁnite dimensional closed vector subspace.
It is clear that each of the properties dense-lineability and spaceability implies lineability if E is inﬁnite dimensional. More-
over, maximal dense-lineability implies dense-lineability. Observe also that if E is an inﬁnite dimensional separable Baire
topological vector space then dim(E) = c, the cardinality of the continuum. Hence, in this case, c is the maximal dimension
allowed for any vector subspace of E .
General criteria for dense-lineability have been furnished in [2,4,6]. As for spaceability, a nice criterium in a rather
abstract context was proved by Wilansky [22, Section 6] and was noticed in [8, Introduction]: If F is a closed inﬁnite
codimensional vector subspace of a Banach space E , then E \ F is spaceable.
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304 L. Bernal-González, M. Ordóñez Cabrera / J. Math. Anal. Appl. 385 (2012) 303–309For each p ∈ [1,∞) and each interval I ⊂ R, let us consider the Lebesgue space Lp(I) of (classes of) real measurable
functions f : I → R such that | f |p is integrable on I with respect to the Lebesgue measure. We also consider the space p
of real sequences (an) that are p-summable, that is, satisfying
∑∞
n=1 |an|p < ∞. In 2008 [14] and 2009 [2], Aron, García-
Pacheco, Muñoz-Fernández, Palmberg, Pérez-García, Puglisi and Seoane-Sepúlveda proved the following set of interesting
results:
• If I is a bounded interval and q > p  1 then Lp(I) \ Lq(I) is dense-lineable.
• If J is an unbounded interval and p > q 1 then Lp( J ) \ Lq( J ) is dense-lineable.
• If p > q 1 then p \ q is dense-lineable.
• Each of these three sets contains, except for zero, a c-dimensional vector subspace.
Note that Lq(I) ⊂ Lp(I) if q > p, and q ⊂ p if p > q, but none of the spaces Lp( J ), Lq( J ) is included in the other if p = q.
More generally, assume now that (X,M,μ) is a measure space, with μ a positive measure. Let p ∈ [1,∞). As usual,
Lp(μ, X) will denote the vector space of all (Lebesgue classes of) measurable functions f : X → R such that | f |p is
μ-integrable on X . It becomes a Banach space under the norm ‖ f ‖p = (
∫
X | f |p dμ)1/p . If p = ∞, L∞(μ, X) represents
the space of all Lebesgue classes of essentially bounded measurable functions f : X → R. It becomes a Banach space under
the norm ‖ f ‖ = inf{M > 0: | f | Mμ-almost everywhere in X}. In [7] the following concept of strict integrability has been
introduced.
Deﬁnition 1.1. Let (X,M,μ) be a measure space and p ∈ [1,∞]. The members of the set Lpl-strict := Lp(μ, X) \⋃
q∈[1,p) Lq(μ, X) will be called left-strictly p-integrable functions. The members of the set L
p
r-strict := Lp(μ, X)\
⋃
q∈(p,∞] Lq(μ,
X) will be called right-strictly p-integrable functions. Finally, the members of the set Lpstrict := Lp(μ, X) \
⋃
q∈[1,∞]\{p} Lq(μ, X)
are said to be strictly p-integrable functions.
We notice that Lpstrict = Lpl-strict ∩ Lpr-strict , L1l-strict = L1(μ, X), L1r-strict = L1strict , L∞r-strict = L∞(μ, X) and L∞l-strict = L∞strict . In [7],
the above mentioned results of Aron et al. have been uniﬁed, improved and extended, so as to produce the assertions
contained in the next theorem.
Theorem 1.2. Assume that p ∈ [1,∞), that (X,M,μ) is a measure space and that Lp(μ, X) is separable. We have:
(a) The set Lpr-strict is maximal dense-lineable if and only if (α) holds.
(b) If p > 1, then Lpl-strict is maximal dense-lineable if and only if (β) holds.
(c) If p > 1, then Lpstrict is maximal dense-lineable if and only if both (α) and (β) hold.
Here (α) and (β) stand for the following special conditions on the measure space (X,M,μ):
(α) inf{μ(A): A ∈M, μ(A) > 0} = 0.
(β) sup{μ(A): A ∈M, μ(A) < ∞} = ∞.
In 2010, García-Pacheco, Pérez-Eslava and Seoane-Sepúlveda [11] proved the spaceability in L∞ of the set
⋂
p1(L
∞ \ Lp)
(in our notation, L∞strict) whenever there exist ε > 0 and a sequence (An) ⊂M of pairwise disjoint measurable sets with
μ(An)  ε for all n  1. Taking in particular X = N (the set of positive integers) and μ = the counting measure, we get
the spaceability of ∞,strict . This can also be derived from the spaceability of the smaller set ∞ \ c0, where c0 is the space
of sequences tending to zero. In turn, that ∞ \ c0 is spaceable is contained in Rosenthal’s papers [17,18], and it is also a
consequence of the existence of a closed inﬁnitely generated subalgebra contained in (∞ \ c0) ∪ {0} [10, Proposition 2.1].
In this paper, all of these results will be completed by characterizing the spaceability of the classes of strict-order inte-
grable functions. In turns out that the same conditions (α) and (β) given before provide such characterization. Incidentally,
(α) and (β) happen to be the exact conditions for the non-vacuousness of those classes. The precise statement will be
given in Section 3. In fact, our main result will be extracted as a consequence of a new, general criterion for spaceability on
function spaces, see Section 2. A further application is provided in Section 4. Finally, residuality of the classes of strict-order
integrable functions is discussed in Appendix A.
2. Preliminaries
Assume that (E,‖ · ‖) is a Banach space, and that (xn) is a sequence in E . Then (xn) is said to be a basic sequence
whenever, for each vector x ∈ span{xn: n  1}, we can ﬁnd a unique sequence (an) of scalars such that ∑∞n=1 anxn = x.
The last equality means that ‖∑Nn=1 anxn − x‖ → 0 as N → ∞. In other words, (xn) is a Schauder basis of the subspace
span{xn: n 1}. The following assertion contains a well-known criterion to characterize basic sequences, see for instance [5,
pp. 81–83].
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(i) (xn) is a basic sequence.
(ii) There is a constant C ∈ (0,∞) such that, for every pair r, s ∈ N with s r and every ﬁnite sequence of scalars a1, . . . ,as, one has
‖∑rn=1 anxn‖ C‖∑sn=1 anxn‖.
In the context of integrable functions, we have for instance the popular Haar system (hn) given by h1 = 1, h2k+l =
χ[ 2l−2
2k+1 ,
2l−1
2k+1 )
− χ[ 2l−1
2k+1 ,
2l
2k+1 ]
(k = 0,1,2, . . . ; l = 1,2,3, . . . ,2k). The Haar system forms a basic sequence (in fact, a Schauder
basis) of Lp([0,1]) for p ∈ [1,∞) [5, Chap. 2]. Our measure space is more general than [0,1]. Nevertheless, thanks to
Lemma 2.1 we can construct basic sequences in Lp(μ, X) that are suitable for our purposes. In fact, we will be able to
provide a rather general criterion for spaceability on function Banach spaces, see Theorem 2.2. The desired closed subspace
will be built via a basic sequence.
Recall that the support of a function f : X → R is the set σ( f ) = {x ∈ X: f (x) = 0}. By K we denote the real line R or
the complex plane C. Recall also that a cone in a vector space is a subset S with cS ⊂ S for all c ∈ K. Moreover, for the
sake of brevity, we say that a topological vector space E of K-valued functions on a set X is a PCS-space if convergence in
E implies pointwise convergence of a subsequence; that is, given a sequence (gn) ⊂ E , one has that if there is g ∈ E with
gn → g in E , then there is a subsequence {n1 < n2 < · · ·} ⊂ N depending on (gn) such that, for every x ∈ X , gnk (x) → g(x) as
k → ∞. For instance, thanks to the identiﬁcation assumed among functions that are μ-a.e. equal, our Lebesgue spaces are
PCS-spaces (in the case of L∞(μ, X), we even can take (nk) = N). Of course, if evaluation functionals are continuous in E ,
then E is a PCS-space; for instance, the space C[a,b] of R-valued continuous functions on a compact interval [a,b] enters
this case.
Theorem 2.2. Let X be a nonempty set. Assume that (E,‖ · ‖) is a Banach space of K-valued functions on X and that B is a nonempty
subset of E satisfying the following properties:
(1) E is a PCS-space.
(2) There is a constant C ∈ (0,+∞) such that ‖ f + g‖ C‖ f ‖ for all f , g ∈ E with σ( f ) ∩ σ(g) = ∅.
(3) B is a cone.
(4) If f , g ∈ E are such that f + g ∈ B and σ( f ) ∩ σ(g) = ∅, then f , g ∈ B.
(5) There is a sequence of functions fn (n ∈ N) with pairwise disjoint supports such that, for all n ∈ N, fn ∈ A, where
A := E \ B.
Then A is spaceable.
Proof. First of all, we have that ( fn) is a basic sequence. Indeed, by (3) one derives that 0 ∈ B , so from (5) we get fn = 0
for all n; moreover, for every pair r, s ∈ N with s r and any scalars a1, . . . ,as it follows from (2) and (5) that
∥∥∥∥∥
s∑
n=1
an fn
∥∥∥∥∥=
∥∥∥∥∥
r∑
n=1
an fn +
s∑
n=r+1
an fn
∥∥∥∥∥ C
∥∥∥∥∥
r∑
n=1
anxn
∥∥∥∥∥,
because the supports of
∑r
n=1 an fn and
∑s
n=r+1 an fn have empty intersection. According to Lemma 2.1, ( fn) is a basic
sequence (with basic constant 1/C ).
In particular, the functions fn (n 1) are linearly independent. Consider the set
M := span{ fn: n ∈ N}.
It is plain that M is a closed inﬁnite dimensional vector subspace of E . It is enough to show that M \ {0} ⊂ A. To this end,
ﬁx a function f ∈ M \ {0}. Then there is a uniquely determined sequence (cn) ⊂ K such that
f =
∞∑
n=1
cn fn = ‖·‖ − lim
n→∞
n∑
k=1
ck fk.
Let N = min{n ∈ N: cn = 0}. Then f = cN fN + h, with h = ‖ ·‖ − limn→∞ Tn and Tn :=∑nk=N+1 ck fk (n  N + 1). If x ∈
σ(cN fN ) then x ∈ σ( fN ), so, by (5), x /∈ σ( fk) for all k > N . Hence Tn(x) = 0 for all n > N . But, from (1), there is a
subsequence (nk) ⊂ N with Tnk → h pointwise. Thus h(x) = 0 or, that is the same, x /∈ σ(h). Therefore σ(cN fN ) ∩ σ(h) = ∅.
By way of contradiction, if f /∈ A then f ∈ B . But f = cN fN + h, so cN fN ∈ B due to (4). If we apply (3) (note that fN =
c−1N cN fN ) we get fN ∈ B , which contradicts (5). Consequently, f ∈ A. This had to be proved. 
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The exact conditions under which the inclusions among the Lebesgue spaces Lp(μ, X) hold are known from B. Subrama-
nian [20] and J.L. Romero [16]. We prefer to bring here the elegant formulation given in [15, Section 14.8].
Theorem 3.1. Let (X,M,μ) be a measure space and p and q be extended real numbers satisfying 1 p < q∞. We have:
(a) Lp(μ, X) ⊂ Lq(μ, X) if and only if inf{μ(A): A ∈M, μ(A) > 0} > 0.
(b) Lq(μ, X) ⊂ Lp(μ, X) if and only if sup{μ(A): A ∈M, μ(A) < ∞} is ﬁnite.
For instance, if μ is a ﬁnite measure on (X,M) and ν is the counting measure on an inﬁnite set Y , then
Lq(μ, X) ⊂ Lp(μ, X) and Lp(ν, Y ) ⊂ Lq(ν, Y ) whenever p < q. In particular, we recover the inclusion relations Lq(I) ⊂ Lp(I)
(I = a bounded interval of R) and p ⊂ q as well as the non-inclusion relation Lr( J ) ⊂ Ls( J ) (r, s ∈ [1,∞] with r = s, J =
an unbounded interval of R).
Remarks 3.2. 1. Note that the last theorem can be reformulated as follows (conditions (α) and (β) were deﬁned in the
Introduction):
• Let 1 p < q∞. We have that Lp(μ, X) \ Lq(μ, X) = ∅ if and only if (α) holds.
• Let 1 q < p ∞. We have that Lp(μ, X) \ Lq(μ, X) = ∅ if and only if (β) holds.
2. In [15, pp. 233–235] it is also proved that (α) is true if and only if there exists a sequence (An) of pairwise disjoint
measurable sets with 0 < μ(An) < 1/2n (n ∈ N), while (β) holds if and only if there exists a sequence (An) of pairwise
disjoint measurable sets with 1 < μ(An) < ∞ (n ∈ N).
Conditions (α) and (β) will turn also to be sharp conditions for the spaceability of our families of strict-order integrable
functions. This is the content of our main result. For the sake of brevity, we will write Lq = Lq(μ, X) from now on.
Theorem 3.3. Assume that p ∈ [1,∞] and that (X,M,μ) is a measure space. We have:
(a) If p < ∞, then set Lpr-strict is spaceable if and only if (α) holds.
(b) If p > 1, then Lpl-strict is spaceable if and only if (β) holds.
(c) If 1 < p < ∞, then Lpstrict is spaceable if and only if both (α) and (β) hold.
Proof. From Theorem 3.1 and Remark 3.2.1, conditions (α), (β) and (α) + (β) are respectively necessary in (a), (b) and (c).
To prove that they are also suﬃcient, we are going to apply Theorem 2.2 to the space E = Lp . Note that it satisﬁes property
(1) in that theorem. Property (2) is also fulﬁlled (with C = 1), because the norm ‖ · ‖p is monotone for all p, that is,
‖ f ‖p  ‖h‖p if | f |  |h| on X . In (a), (b) and (c), we choose respectively B = Lp ∩⋃q∈(p,∞] Lq , B = Lp ∩⋃q∈[1,p) Lq and
B = Lp ∩ ⋃q∈[1,∞]\{p} Lq . Since each Lq is a cone, we have that B is a cone in all three cases. Hence property (3) in
Theorem 2.2 is satisﬁed. But also (4) is satisﬁed, again by the monotonicity of the norms ‖ · ‖q . With the notation of
the mentioned theorem, we have A = Lpr-strict , A = Lpl-strict and A = Lpstrict , respectively for (a), (b) and (c). According to
Theorem 2.2, our unique task is to provide for each case a sequence ( fn) ⊂ A whose members have mutually disjoint
supports.
Suppose that (α) holds. Let p ∈ [1,∞). According to Remark 3.2.2, we can select a sequence (An) ⊂M of pairwise
disjoint sets with 0 < μ(An) < 1/2n (n  1). Select a countable family {{p(n,k)}k1: n ∈ N} of mutually disjoint strictly
increasing sequences of positive integers. Since p(n,k) k for all n, k, we get 0 < μ(An,k) < 1/2k (n,k 1), where we have
set An,k := Ap(n,k) . For every n ∈ N, consider the function fn : X → [0,∞) given by
fn =
∞∑
k=1
1
k1/p
(
log(k + 1))2/pμ(An,k)1/p
· χAn,k . (A)
It is clear that all fn ’s are measurable and have pairwise disjoint supports. From the disjointness of the sets An,k ,
it follows that f pn =
∑∞
k=1
χAn,k
k(log(n+1))2μ(An,k) . Moreover, we have that ‖ fn‖p = [
∫
X f
p
n dμ]1/p = [
∑∞
k=1 1k(log(k+1))2 ]1/p < +∞.
Then each fn belongs to Lp . Fix q ﬁnite with q > p. We have ‖ fn‖qq =
∫
X f
q
n dμ =
∑∞
k=1
μ(An,k)
kq/p(log(k+1))2q/pμ(An,k)q/p ∑∞
k=1
(2(q/p)−1)k
kq/p(log(k+1))2q/p = ∞, because the general term of this series is unbounded since 2(q/p)−1 > 1. Thus fn /∈ Lq . But we
have also that fn /∈ L∞ , because the measure of each An,k is positive and on this set we have | fn| = 11/p 2/p 1/p >k (log(k+1)) μ(An,k)
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k1/p(log(k+1))2/p =: γk for every k ∈ N, from which it follows that ‖ fn‖∞  γk → ∞ as k → ∞. Hence ‖ fn‖∞ = ∞. Putting all
together, we obtain ( fn) ⊂ Lpr-strict and the proof of (a) is concluded.
Part (b) is proved in a similar way, only by taking into account that this time the mutually disjoint measurable sets
An,k can be chosen such that 1 < μ(An,k) < ∞ for all n if (β) holds (see Remark 3.2.2). Deﬁne fn (n  1) by the same
formula (A) above. The unique change is the task of proving that fn /∈ Lq whenever q < p. This is true since ‖ fn‖qq =∑∞
k=1
μ(An,k)
1−q/p
kq/p(log(k+1))2q/p 
∑∞
k=1 1kq/p(log(k+1))2q/p , and this series diverges, for q/p < 1.
It remains to demonstrate (c) under the assumptions p ∈ (1,∞), (α) and (β). By (α), there are inﬁnitely many pairwise
disjoint measurable sets Bn with 0 < μ(Bn) < 1/2n (n ∈ N). We may select a countable family {{p(n,k)}k1: n ∈ N} of
mutually disjoint strictly increasing sequences in N satisfying p(n,k)  n + 1 for all n, k. Therefore p(n,k)  n + k for all
n, k. Then we get 0 < μ(Bn,k) < 1/2n+k (n,k  1), where we have set Bn,k := Bp(n,k) . But observe that Y :=⋃∞n,k=1 Bn,k has
ﬁnite measure. It follows that (β) is also satisﬁed by the measure subspace (X \ Y ,MX\Y ,μ|X\Y ). This entails the existence
of inﬁnitely many mutually disjoint measurable sets Cn,k with 1 < μ(Cn,k) < ∞ and Bn,k ∩ Cm, j = ∅ (n,k,m, j ∈ N). Let
An,1 := Bn,1, An,2 := Cn,1, An,3 := Bn,2, An,4 := Cn,2, . . . . Finally, we deﬁne the sequence ( fn) as in (A), and the proof of (c)
follows by an appropriate combination of the approaches of (a) and (b). 
In [7, p. 289] it is proved that each of the properties (1) or (2) in the following assertion entails condition (α). According
to the preceding theorem, we obtain the next consequence, which complements [7, Cor. 3.6].
Corollary 3.4. Assume that p ∈ [1,∞) and that (X,M,μ) is a measure space. Then Lpr-strict is spaceable if at least one of the following
two properties is true:
(1) μ is semiﬁnite, that is, for each A ∈M, μ(A) = sup{μ(B): B ∈M, B ⊂ A and μ(B) < ∞}, and nonatomic, i.e., there is no set
A ∈M with μ(A) > 0 such that, for every B ∈M with B ⊂ A, one has μ(B) = 0 or μ(A \ B) = 0.
(2) X is a T1 topological space,M contains the Borel sets of X and there is a non-isolated point x0 ∈ X satisfying:
(i) for each closed set F with x0 /∈ F , there are open sets A, B such that x0 ∈ A, F ⊂ B and A ∩ B = ∅;
(ii) x0 possesses a countable fundamental system of neighborhoods, and
(iii) there is an open neighborhood U of x0 with μ(U ) < ∞ and μ(V ) > 0 for any nonempty open set V ⊂ U .
Remarks 3.5. 1. By combining Remark 3.2.1 with Theorem 3.3 we obtain that, if p ∈ [1,∞) (if p ∈ (1,∞], if p ∈ (1,∞),
resp.), then Lpr-strict (L
p
l-strict , L
p
strict , resp.) is spaceable if and only if it is nonempty.
2. A number of subsets of Banach-valued sequence spaces have been proved to be spaceable by Botelho, Diniz, Fá-
varo and Pellegrino [8], even in the non-locally convex case. For instance, they have shown that, for every p > 0, the
set p \⋃q∈(0,p) q is spaceable in p . If, specially, p > 1, then one obtains part (b) of Theorem 3.3 in the case X = N,
μ = the counting measure. Moreover, in the recent note [9], Botelho, Fávaro, Pellegrino and Seoane-Sepúlveda have demon-
strated that, for every p > 0, the set Lp[0,1] \⋃q>p Lq[0,1] is spaceable in Lp[0,1]. Assuming p  1, their result yields part
(a) of our Theorem 3.3 in the special case μ =m = the Lebesgue measure on [0,1].
3. It is not at all apparent that Wilansky’s result mentioned in the Introduction can be used to prove Theorem 3.3.
4. The case p = ∞ was discarded in [7] because the density of the family of step functions in Lp was used in the proof
of the maximal dense-lineability of families of strict-order integrable functions. In the present setting of spaceability, this is
not needed at all.
5. Still in connection with Theorem 3.3, a celebrated theorem due to Grothendieck (see [19, Chap. 6]) asserts that if
0 < p < +∞ and μ is ﬁnite then L∞(μ, X) is not spaceable in Lp(μ, X).
6. Spaceability properties of families of functions that are either Riemann-integrable or non-Riemann integrable have
been considered in [10].
4. Spaceability in spaces of bounded variation continuous functions
In the elaboration of this paper we were mainly interested in spaceability on Lebesgue spaces. To this aim, Theorem 2.2
came in our help. But this result is rather general, and its hypotheses are really easily veriﬁable. We devote this section to
give another example of application of Theorem 2.2, this time in a rather different setting.
Let us denote by C BV [a,b] the vector space of all R-valued continuous functions on a compact interval [a,b] with
bounded variation. It is well known that it becomes a Banach space under the norm ‖ f ‖ := sup[a,b] | f | + V [a,b]( f ), where
V [a,b]( f ) is the variation of f on [a,b], that is, V [a,b]( f ) := sup{∑Nj=1 | f (t j) − f (t j−1)|: a = t0 < t1 < t2 < · · · < tN = b,
N ∈ N}. Recall that a function f : [a,b] → R is called absolutely continuous on [a,b] provided that, given ε > 0, we can
ﬁnd a δ > 0 with the property that, if N ∈ N, a  x1 < y1  x2 < y2  · · ·  xN < yN  b and ∑Nk=1(yk − xk) < δ, then∑N
k=1 | f (yk) − f (xk)| < ε. The vector space of these functions will be denoted by AC[a,b]. Equivalently, f ∈ AC[a,b] if and
only if f is m-a.e. differentiable in [a,b] (m denotes Lebesgue measure), f ′ ∈ L1(m, [a,b]) and f (x) − f (a) = ∫ xa f ′ dm (a 
x b). The important Vitali–Banach theorem asserts that f ∈ AC[a,b] if and only if f ∈ C BV [a,b] and f is an N-function (i.e.
a function satisfying m( f (M)) = 0 for every measurable subset M ⊂ [a,b] with m(M) = 0). For instance, any differentiable
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ready to state our theorem. We will also establish maximal dense-lineability (Theorem 4.2), which in turn improves [6,
Proposition 3.3]. Clearly, it is enough to consider the case [a,b] = [0,1].
Theorem 4.1. The set C BV [0,1] \ AC[0,1] is spaceable in C BV [0,1].
Proof. Set E = C BV [0,1] and B = AC[0,1]. Therefore if A = E \ B we have that A is our class C BV [0,1] \ AC[0,1]. Our aim
is to check properties (1)–(5) in Theorem 2.2.
Property (2) is trivial (with C = 1), and (3) is evident because AC[0,1] is a vector space. Now if f , g ∈ E and f + g ∈
AC[0,1] with σ( f )∩σ(g) = ∅, we have for every measurable set N ⊂ [0,1] with m(N) = 0 that m( f (N)) =m( f (N∩σ( f ))∪
f (N \σ( f )))m( f (N∩σ( f )))+m( f (N \σ( f ))). In the right-hand side, the second term is 0 because either N \σ( f ) = ∅ or
f is zero on N \ σ( f ). But g = 0 on σ( f ), hence m( f (N)) =m(( f + g)(N ∩ σ( f )))m(( f + g)(N)) = 0. Thus m( f (N)) = 0.
It follows that f is an N-function, so f (and, analogously, g) ∈ AC[0,1]: this proves (4).
By modifying appropriately the Cantor function, it is possible to construct a “Devil staircase”, that is, a strictly increasing
continuous function φ : R → R with φ′ = 0 m-a.e.; see [21, p. 100] for a proof. In particular, for each interval [a,b], φ is
continuous and of bounded variation, but not absolutely continuous. Consider now ϕ := φ|[0,1] . After applying a similarity,
we can assume that ϕ(0) = 0 and ϕ(1) = 1. For each n ∈ N, deﬁne the function fn : [0,1] → R as fn(x) = ϕ(4 + 2n+1x) if
x ∈ [1 − 4 · 2−n−1,1 − 3 · 2−n−1), with fn aﬃne linear in [1 − 3 · 2−n−1,1 − 2 · 2−n−1] such that f (1 − 3 · 2−n−1) = 1 and
f (1−2 ·2−n−1) = 0; ﬁnally, fn = 0 on the rest of [0,1]. It is evident that each fn is in E . Since σ( fn) = (1−2−n+1,1−2−n),
the supports of these functions are mutually disjoint. Finally, fn /∈ AC[1 − 4 · 2−n−1,1 − 3 · 2−n−1]. Thus fn /∈ AC[0,1] and
(5) is satisﬁed. 
Theorem 4.2. The subset of functions in C BV [0,1] which are absolutely continuous on no interval in [0,1] is maximal dense-lineable.
Hence the subset of functions in C BV [0,1] which are differentiable on no interval in [0,1] is maximal dense-lineable.
Proof. According to [7, Lemma 2.1], if Γ is a family of vector subspaces of a metrizable separable topological vector space
E such that
⋂
S∈Γ S is dense in E and A :=
⋂
S∈Γ (E \ S) contains, except for zero, a vector space of dimension c, then A is
maximal dense-lineable.
In order to apply this, deﬁne E := C BV [0,1] and Γ := {S[c,d]: 0 c < d 1}, where S[c,d] := { f ∈ E: f ∈ AC[c,d]}. Each
member of Γ is a vector subspace. Note that
⋂
S∈Γ S = AC[0,1], which is dense in E for it contains the polynomials. Note
also that A is exactly the subset of functions in C BV [0,1] which are absolutely continuous on no interval. Take again the
function ϕ considered in the proof of Theorem 4.1. By adding a constant, if necessary, we can assume that ϕ(x) = 0 for all
x ∈ [0,1]. Then ϕ ∈ A. Moreover, the functions eαϕ (α > 0) are linearly independent, where eα(x) := eαx . Indeed, suppose
that a nontrivial linear combination
∑N
i=1 cieαiϕ is zero on [0,1] and let us try to get a contradiction. We can assume that
α1 < α2 < · · · < αN and cN = 0. Since ϕ is never zero, we obtain
(c1/cN)e
(α1−αN )x + · · · + (cN−1/cN)e(αN−1−αN )x + 1 = 0
on [0,1]. But the left-hand side is an analytic function on R; hence by the analytic continuation principle it vanishes on R,
which contradicts the fact that its limit is 1 as x → +∞. Then the vector space spanned by the functions eα (α > 0)
is c-dimensional. Finally, A contains each nonzero member of this vector space. To see this, consider again a nonzero
combination f :=∑Ni=1 cieαiϕ as above. If f /∈ A then there would be an interval [c,d] ⊂ [0,1] such that f ∈ AC[c,d]. Again
by the analytic continuation principle, the function
∑N
i=1 cieαi vanishes only ﬁnitely many times in [c,d], so there is an
interval [δ, ε] ⊂ [c,d] where it does not vanish. Since ψ := 1∑N
i=1 cieαi
∈ C1[δ, ε], we have ψ ∈ AC[δ, ε]. But ϕ = fψ ∈ AC[δ, ε]
(because AC[δ, ε] is an algebra), which is a contradiction. This yields f ∈ A, as desired. 
Remarks 4.3. 1. A remarkable result related to Theorem 4.1 was discovered in 1940 by Levine and Milman [13], who
proved that if a vector subspace S ⊂ C BV [0,1] is closed in C[0,1] (under the sup-norm topology) then dim(S) < +∞; in
other words, C BV [0,1] is not spaceable in C[0,1]. Note that the sup-norm on C BV [0,1] is strictly weaker than the norm
considered in this section.
2. In Theorem 4.2 one cannot replace the condition “differentiable on no interval” by “nowhere differentiable”: indeed,
every function of bounded variation is m-a.e. differentiable.
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Appendix A. Residuality in Lebesgue spaces
Residuality of a subset is the most elementary measure of the largeness in a Baire space, in particular in a completely
metrizable space. Recall that a subset A of a Baire space E is said to be residual if its complement E \ A is of ﬁrst category,
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inﬁnite dimensional, dense, etc.) vector subspaces within a subset A by no means implies residuality for such a subset. In
a “natural” chronology, it is usual ﬁrstly to study residuality and then algebraic-topological properties. As far as we know,
residuality for the class of strictly p-integrable functions has not been done yet, at least in its whole generality (a slight
brushstroke is given in [19, Chap. 2], where the residuality of L1(m, [0,1]) \ L2(m, [0,1]) is posed as an exercise). The
purpose of this appendix is to ﬁll in this gap. We will consider a general measure space (X,M,μ).
Lemma A.1. Assume that 1 r < p < s∞. Then Lr ∩ Ls ⊂ Lp .
Proof. Let f ∈ Lr ∩ Ls . Then f is measurable and ‖ f ‖r , ‖ f ‖s are ﬁnite. Now a straightforward application of Hölder’s
inequality yields
‖ f ‖p  ‖ f ‖
r(s−p)
p(s−r)
r ‖ f ‖
s(p−r)
p(s−r)
s ,
with the exponents meaning r/p, (p − r)/p, respectively, if s = ∞. 
Proposition A.2. Let p ∈ [1,∞) (p ∈ (1,∞], p ∈ (1,∞), resp.). Denote by A the set Lpr-strict (Lpl-strict , Lpstrict , resp.). Then A is either
empty or residual in Lp .
Proof. Consider A = Lpr-strict , the remaining two cases being analogous. Then A = Lp \
⋃
q∈(p,∞] Lq = Lp \
⋃
q∈(p,∞](Lp ∩ Lq).
According to the preceding lemma, A = Lp \ ⋃n1(Lp ∩ Lp+1/n). In addition, A = Lp \⋃n,k1 Bn,k = ⋂n,k1(Lp \ Bn,k),
where Bn,k = { f ∈ Lp:
∫
X | f |p+1/n dμ  k}. Assume that A = ∅. Then every set Lp ∩ Lp+1/n is a proper vector subspace
of Lp , whence its interior (so the interior of each Bn,k) is empty. But every Bn,k is closed. Indeed, set q := p + 1/n and
let ( f j) ⊂ Bn,k with ‖ · ‖p-lim j→∞ f j = f ∈ Lp . Then f jl → f (l → ∞) pointwise μ-a.e for some subsequence ( f jl ). From
Fatou’s lemma [15, p. 201], one derives∫
X
| f |q dμ =
∫
X
lim inf
l→∞
| f jl |q dμ lim infl→∞
∫
X
| f jl |q dμ k,
hence f ∈ Bn,k . Therefore Bn,k is closed and A is a countable intersection of dense open subsets. Consequently, A is resid-
ual. 
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